We study the vibrational motion of membrane resonators upon strong drive in the strongly nonlinear regime. By imaging the vibrational state of rectangular siliconnitride membrane resonators and by analyzing the frequency response using optical interferometry, we show that upon increasing the driving strength, the membrane adopts a peculiar deflection pattern formed by concentric rings superimposed onto the drum head shape of the fundamental mode. Such a circular symmetry cannot be described as a superposition of a small number of excited linear eigenmodes. Furthermore, the different parts of the membrane oscillate at different multiples of the drive frequency, an observation that we denominate as 'localization of overtones'. We introduce a phenomenological model that is based on the coupling of a very small number of effective nonlinear oscillators, representing the different parts of the membrane, and that describes the experimental observations. Micro-and nanoscale mechanical resonators bear rich potential to expand their applications in a broad range of areas, such as noise sensing [1], optical quantum metrology [2, 3], nanoelectromechanical logic gates [4, 5] and parametric oscillators [6, 7]. Mechanical resonators can have different size scales, and may be even as small as single carbon nanotubes or patterned graphene sheets [8, 9]. Among larger devices, quasi-two dimensional membrane oscillators are interesting for several reasons, e.g. they have resonant behavior in a broad range of frequencies (e.g. from 100 kHz to several MHz) which make them attractive as broad-band transducers for vibratory energy harvesting [10]. They are also important in quantum engineered systems, since flexural modes can be easily coupled to other degrees of freedom such as photons [11][12] [13] [14] and cold atoms in hybrid optomechanical architectures [15, 16] . Suspended membrane resonators operating in the single-mode regime have been studied in the weakly nonlinear limit and modeled as a Duffing oscillator [17] . Increasing the membrane oscillation amplitudes enforces the nonlinearity, thereby giving rise to nonlinear coupling between eigenmodes [18] [19] [20] . So far, experiments reported nonlinear interaction involving only very two interacting modes [21] [22] [23] [24] [25] , and only when matching an internal resonant condition between eigenfrequencies [26] .
Micro-and nanoscale mechanical resonators bear rich potential to expand their applications in a broad range of areas, such as noise sensing [1] , optical quantum metrology [2, 3] , nanoelectromechanical logic gates [4, 5] and parametric oscillators [6, 7] . Mechanical resonators can have different size scales, and may be even as small as single carbon nanotubes or patterned graphene sheets [8, 9] . Among larger devices, quasi-two dimensional membrane oscillators are interesting for several reasons, e.g. they have resonant behavior in a broad range of frequencies (e.g. from 100 kHz to several MHz) which make them attractive as broad-band transducers for vibratory energy harvesting [10] . They are also important in quantum engineered systems, since flexural modes can be easily coupled to other degrees of freedom such as photons [11] [12] [13] [14] and cold atoms in hybrid optomechanical architectures [15, 16] . Suspended membrane resonators operating in the single-mode regime have been studied in the weakly nonlinear limit and modeled as a Duffing oscillator [17] . Increasing the membrane oscillation amplitudes enforces the nonlinearity, thereby giving rise to nonlinear coupling between eigenmodes [18] [19] [20] . So far, experiments reported nonlinear interaction involving only very two interacting modes [21] [22] [23] [24] [25] , and only when matching an internal resonant condition between eigenfrequencies [26] .
In this Letter we analyze a novel, nonlinear vibrational state of a membrane resonator, achieved under strong drive. We observe the appearance of spatially modulated overtones. Upon increasing the driving strength, the membrane adopts a characteristic ring-shaped deflection pattern in which different parts of the membrane oscillate at different subharmonically excited multiples of the driving frequency. Such a ring-shaped pattern is distinctly different from the waveform and the symmetry of the flexural eigenmodes of the rectangular membrane. In other words, this regular pattern can only be reconstructed by using a superposition of a multitude of eigenmodes of the membrane. Moreover, the presence of subharmonically excited tones points out that the system is in a strongly nonlinear vibrational regime. Part of this phenomenon was reported before [27] , but remained unexplained. Here we analyze it * elke.scheer@uni-konstanz. de in detail and present a phenomenological model that captures the main features and semi-quantitatively describes the experimental findings. The starting point of this model is that, under driving, the profile is well described by u(r,t) ∼ = ∑ n≥1 q n (t)h n (r) e i2nπ f d t + c.c. ,
where r is the radial coordinate of the 2D membrane, h n (r) are arbitrary spatial profile functions, and the amplitudes of oscillation are q n (t), respectively. The amplitudes q n (t) play the role of effective oscillators with different eigenfrequencies f n and having sizeable amplitudes at different positions on the membrane, described by the functions h n (r), i.e. the localized overtones. We assume a nonlinear interaction V = ∑ n≥2 λ n q n 1 q n between a mode q 1 with eigenfrequency f 1 and its overtones. This model is referred to as 1 : n nonlinear coupling model.
We will show that, to describe our experimental observations, a small number of modes is sufficient, representing a significant simplification compared to the classical model based on linear eigenmodes of a rectangular membrane. Our conclusions are thus that spatially modulated overtones represent, indeed, a new paradigm in the nonlinear dynamics of membranes which goes beyond previous theoretical pictures, based on the approach of nonlinear interaction of few linear eigenmodes [23] [24] [25] .
The sample fabrication and measurement principles of the siliconnitride (SiN) membranes have been described in detail elsewhere [28] [29] [30] [31] [32] and are summarized in the Supplementary Material (SM). Flexural modes of the membrane are excited by applying an AC voltage V exc · sin(2πf d t) to the piezo ring that causes a uniform thickness change of the piezo, resulting in an inertial excitation of the membrane, see Fig. 1(a) . The vibrational state of the membrane installed in a vacuum chamber is observed by two different types of optical interferometry. The imaging white light interferometer (IWLI) is able to spatially resolve the deflection profile and to obtain the average amplitude response by integrating the deflection profile over a selected area on the membrane surface [28] . The Michelson interferometer (MI) is focusing on one particular position of the membrane with a spot diameter of ∼2 µm. Further experimental details are given in the SM. In the linear response regime, we find resonances correspond- ing to the eigenfrequencies f (m,n) of the flexural eigenmodes which are characterized by the integers m and n indicating the number of deflection maxima in the two spatial directions of the membrane plane [32] . For example, we find f (1,1) = 321 kHz and f (2,2) = 646 kHz for the eigenfrequencies of (1,1) and (2,2) mode, respectively, both with quality factors in the order of 20000. The eigenfrequencies of all modes discussed in this article as well as further mechanical parameters are listed in Table 1 in the SM.
We utilize the IWLI signal integrated over the entire membrane area to record the nonlinear vibration behavior under intermediate and strong sinusoidal excitation and with a driving frequency f d around f (1, 1) . With V exc = 2.5 mV to 5.0 mV, the resonance curves exhibit a Duffing-type nonlinearity, as shown in Fig. 1(b) , but when exceeding V exc > 5.0 mV, the amplitude rises weaker than expected for the Duffing model but persists over a larger frequency range. This observation signals the onset of the spatial modulation phenomenon. The spatial deflection profiles captured by IWLI for V exc = 15.0 mV are shown in Fig. 2(a) . When continuously sweeping the driving frequency f d , the spatial appearance of the deflection pattern changes from single drum head type at f d = f 1 (see marker in Fig. 1(b) ) to a crater type at f d = f 2 , where the amplitude at the membrane center decreases and the central part of the deflection pattern adopts a flat shape. When further increasing f d to f 3 , the flat area evolves into a separate drum head shape. Finally, at f 4 again a minimum occurs in the center surrounded by two rings. The observed deflection patterns reveal a frequency-dependent spatial modulation of the (1,1) mode, which cannot be described as a simple superposition of few (m,n) modes, since it has a circular symmetry contrary to the axial symmetry of the higher (m,n) modes in a rectangular membrane.
With the help of sweep-up and ring-down experiments performed in the MI at different positions on the membrane, one can reveal that the modulation is caused by frequencies which are identified as overtones of the (1,1) mode with 2f (1, 1) and 3f (1, 1) , as we will show in the following. We perform a slow sweep-up of f d at constant V exc from a starting value below the resonance frequency of a particular mode up to a maximum frequency above the resonance frequency but within the frequency range with large amplitude. At this frequency we switch off the drive. The measurement spot is close to one edge of the membrane and chosen such that the maximum deflection stays smaller than a quarter of the laser wavelength (see SM for details). A Fast Fourier Transform (FFT) algorithm is performed on the time domain oscillation displacement data in narrow time windows to get a time-resolved power spectrum of the sweep-up and ring-down processes. , and 3 f (1, 1) . We note that 2f (1, 1) = 642 kHz can clearly be distinguished from the eigenfrequency f (2,2) = 646 kHz of the (2,2) mode, given the frequency resolution of the FFT algorithm ∼ 1 kHz. Similar multiple frequency response has also been found for SiC and Ge membrane systems [27] . The multiple frequency response complements the observations from the IWLI and gives a strong hint that the spatial modulation state corresponds to spatially varying superpositions of the ground mode and its overtones. In addition, stroboscopic IWLI measurements show (see Fig. S ??(d) in the SM), that at f d = f 3 the central part of the membrane (inner disc with a drum head shape) oscillates at different frequency than the outer annulus which oscillates at f d .
To further test this hypothesis of localized overtones we perform MI measurements at different positions on the membrane. Figure 2(c) shows the relative amplitudes of the overtones observed in the power spectrum for a line profile from one edge to the other, crossing the center of the membrane, see inset of Fig. 2(b) . At each spot a sweep-up is performed and the intensities of the overtones are evaluated at fixed de- tuning at the various spots by separately integrating the power of each time window within a corresponding frequency range. The total intensity reveals a large plateau that extends over a width of roughly 200 µm in the center of the membrane. The fundamental frequency f d has the highest amplitude at the outer rim of this plateau and strongly decreases towards the center. In the central part the intensity of the 2 nd overtone exceeds the one of the ground mode. The 3 rd and 4 th mode have weaker intensity and are even more centered. This observation evidences the existence of spatially localized overtones, confirming the interpretation of the IWLI data.
The detailed microscopic analysis of the observed spatial overtones and their appearance is a challenging theoretical task and beyond the aim of this work. The main physical aspects can be captured by the phenomenological ansatz given in Eq. (1) that describes that the membrane is vibrating at distinct sections at different frequencies. We note that any profile function can be obtained as a linear combination of the eigenmodes (m,n) since the latter form a complete orthonormal basis. An example is given in the SM in which we project the ring-shape of the deflection onto the linear eigenmodes. This yields a very slowly convergent series: as expected intuitively, a superposition of many modes is needed to reproduce a circular ring-shape (N ≥ 100) of the rectangular membrane (see SM). By contrast, the spatially modulated overtones u n can be viewed as renormalized eigenmodes appearing only for strong driving. They can be mathematically defined on the concept of an invariant manifold in an elastic nonlinear medium [33] . For simplicity we describe here the situation with only two oscillators, i.e. the 1:2 model. The general 1 : n model is detailed in the SM. We thus consider the equation
h 1 (t) is localized at a ring of radius R from the center and has the eigenfrequency f 1 f (1,1) , the second one, and h 2 (t), is localized at the center, with eigenfrequency 2 f 1 , as shown in
Finally, in our model, we assume a nonlinear coupling between the two effective oscillators and we set the following coupled equations for the amplitudes q 1 and q 2 :
Equations (3) and (4) mean that the membrane is effectively composed of an inner disc coupled to an outer ring. The ring oscillator is characterized by a Duffing nonlinearity with strength α 1 , and both are damped with damping constants Γ 1 and Γ 2 . Most importantly, we also postulate a nonlinear resonant interaction between the two oscillators, given by the last terms in Eqs. (2) and (3) with the interaction strength λ , which can be derived from the nonlinear potential V = λ q 1 2 q 2 /2. This interaction is important since it implies a correlated behavior of the two amplitudes which we actually observe in the system, as we discuss next.
In Fig. 3 we show more curves from the same data set as depicted in Fig. 1(b) . The orange lines are the same fits to the duffing model as in Fig. 1(b) , the green curves are calculated with the 1:2 coupling model and the blue curves using 1:2 and 1:3 coupling. The fitting parameters and their analyses are given in the SM. The model fits the experimental curves well. The small deviations can be explained by the simplicity of the model, e.g. neglecting the contributions of the higher overtones.
The analysis of the development of the spatial overtones is completed by studying the deflection amplitude in a small area. Figure 4 A zoom into the maxima is given in panel (b). It reveals a serious of maxima and minima, before the amplitude eventually breaks down. The number of observable maxima increases with V exc in agreement with the increasing plateau length when integrating over the whole membrane area. For small V exc = 10 mV only the first maximum and minimum are accessible, for V exc = 100 mV four maxima and minima are obtained. We interpret this observation as follows: Upon increasing f d the diameter of the circular shaped overtones increase. The first maximum signals that u 1 reaches the edges of the integration window, thereby reducing the averaged amplitude. When further increasing f d , more overtones are excited, increasing the amplitude and subsequently leave the central area, thereby reducing the averaged amplitude again. As an example we fit the curve recorded for V exc = 10 mV with our theoretical model, comprising two tones, q 1 and q 2 . To account for the fact that upon increasing f d , the radius of the ring increases and partially leaves the integration area, we use a linearly decreasing weight factor for the mode q 1 . The solid line in Fig. 4(c) is the result of the fitting with the theoretical model which describes the experimental observation qualitatively correctly. The individual contributions and the total fitted amplitude and further details are given in the SM. This concept can straightforwardly be extended to the situation with three and more modes. However, the number of fitting parameters increases rapidly. Summarizing, the oscillating amplitude in the central area of the membrane can be interpreted as the gradual transfer of vibrational energy from q 1 to higher overtones q n . In conclusion, by combination of two complementary experimental approaches and the nonlinear 1 : n coupling model we revealed a novel deflection state caused by a nonlinear coupling mechanism between several overtones of a single flexural mode of a membrane oscillator. This deflection state is hallmarked by a spatial modulation pattern, in which different parts of the membrane oscillate at different frequencies. For rectangular membranes the spatial modulation state can be distinguished from the linear deflection pattern by a distinctly different symmetry. The coupling mechanism is mediated by nonlinear interaction and activated by strong driving. The
2 . Using anisotropic etching in aqueous potassium hydroxide (KOH), a hole is etched through the openings of the mask. After about twenty hours the KOH solution reaches the topside layer and a membrane is formed, supported by a massive silicon frame. The cross section of a free-standing SiN membrane supported by the silicon substrate is presented in Fig. S1(a) . In this work, a 478 nm thick and 413.5 × 393.5 µm 2 lateral size membrane is employed. The chip carrying the membrane is glued using 2-component adhesive with contact points (5 mm diameter) at each corner of the substrate to a piezo ring with 20 mm diameter and 5 mm thickness.
B. Imaging white light interferometry (IWLI)
The sample is placed in a vacuum chamber held at room temperature, connected to a pressure controller, see Fig. S6(b) , to ensure full control over the pressure of the surrounding atmosphere in a pressure range from p = 0.001 mbar to atmospheric pressure. The measurements discussed in the present work have been performed at 2 × 10 −2 mbar. The surface of the membrane is observed by an imaging interferometer using different light sources, described in detail in Ref. [1] . The excitation voltage is applied using a sinusoidal function generator the phase of which can be locked to the stroboscopic light of the imaging white light interferometer.
The observed interference pattern represents the surface profile of the sample as exemplified in Fig. S1(c) . The interference fringes can be used to quantitatively measure the vibrational amplitude. Figure S1 (d) shows a measurement example for the (2,2) mode. The vibrational deflection pattern can be measured by stroboscopic * elke.scheer@uni-konstanz.de illumination and by continuous illumination. The deflection pattern measured by stroboscopic light contains vibrational phase information but is limited to the specific driving frequency with a locked phase. The continuous light can be applied without any phase lock-in, and thus provides deflection amplitude patterns. In this work, we utilized continuous light for recording the mode deflection patterns, stroboscopic light was utilized to measure the image shown in Fig. S1(d) .
C. Michelson interferometry (MI)
A MI is utilized to measure the sweep-up and ringdown processes of the deflection at a certain point on the membrane area. The sample mounting on the piezo ring is the same as for the IWLI, and the sample is also paced in a vacuum chamber at room temperature. However, the instrument is located in another lab with slightly different temperature. because of the sensitivity of the eigenfrequencies to temperature, small deviations in the absolute values of the eigenfrequencies in the range of a few hundred Hz may occur. When indicating absolute frequency values we use here the ones detected with the MI. A HeNe laser (λ = 633 nm) is focused on a spot (d ≈ 1 µm) on the free-standing membrane which is positioned using an xyz piezo-positioning stage. The vibrations of the oscillating membrane modulate the reflected light, which is interfered with a phase reference (stabilized with a control bandwidth of 48 kHz). The detected power of the interference signal is proportional to the amplitude squared for deflections much smaller than the optical wavelength. For strong excitation voltages, this limit is hard to obey. At most positions the deflection amplitude is then much larger than a quarter of the laser wavelength used in the MI. To avoid ambiguities in the data interpretation we focus the laser on a point close to one edge of the membrane, where the amplitude remains well within one fringe of the MI signal. Frequency response spectra are measured using a fast lock-in amplifier with a bin width of 1 kHz. For the frequency-resolved ring-down measurements, the oscillations are recorded with an oscilloscope with a sampling rate of 5 MS/s. Then an FFT is performed on sets of 2000 sample points each. Integration around a particular oscillation frequency yields the separated energy decay traces shown in Figs. S5(b) and S6(b) below. 
II. CHARACTERIZATION OF MECHANICAL PROPERTIES
By applying our customized VICL (Vibrometery In Continuous Light) [2] and APSStro (Automated PhaseShifting and Surface Measurement in Stroboscopic Light) measurement methods [3, 4] dispersion relations of the bending waves of the membrane are measured using IWLI. From this data, Young's modulus E and the residual stress σ are determined by fitting. The resonance frequencies as well as the mechanical Q factors of different vibrational modes of this SiN membrane are quantitatively determined. For the (1,1) mode we find f (1,1) = 323.5 kHz, Q (1,1) = 2 × 10 4 , E = 240.2 GPa, σ = 0.1261 GPa. Note that temperature drifts induce frequency shifts in the order of 500 Hz/K. The temperature in the lab is stabilized with a precision of ± 1K. The IWLI and the MI are located in two different labs with slightly different average temperature. Thus, the absolute values of the eigenfrequencies may vary about ± 2.5 kHz from set-up to set-up. The absolute values indicated in the main text and in this Appendix correspond to the ones measured with MI. The full width at half maximum (FWHM) of the (1,1) mode in the linear response regime is about 50 Hz. Table 1 gives an overview over the expected eigenfrequencies of the membrane, measured by MI and IWLI, and calculated using the formula: f m,n ∼ = (σ xx m 2 /L 2 w + σ yy n 2 /L 2 h )/(4ρ). Here the mass density ρ = 3.18 × 10 3 kg/m 3 , L w = 413.5 µm and L h = 393.5 µm are the edge lengths of the membrane, and m,n denote the integer mode indices representing the number of antinodes. The observed temperature dependence of the eigenfrequencies is attributed to temperature-dependent stress tensor components σ xx and σ yy along x and y axis, respectively. The values given in the table have been calculated using the values σ xx = 0.110 GPa and σ yy = 0.108 GPa determined by our spatially resolved measurement method described in Ref. [5] .
III. PHENOMENOLOGICAL MODEL
The theoretical description of the observed complex spatial deflection profiles is a challenging task. A priori, one must go back to the governing elastic equation of the system for the membrane profile u ( − → r , t) and exploit, e.g., numerical simulations based on the decomposition of finite elements. However, we observed that for certain driving frequencies and excitations the membrane is vi- )  321  500  712  927  1174  325  507  714  930  1149  2  517  646  818  1018  1233  520  649  821  1014  1218  3  747  837  983  1326  738  834  974  1141  1326  4  979  1052  963  1039  1154  1299  1463  5  1219  1351  1640  1192  1254  1351  1477  1623 brating at different frequencies in distinct spatial sectors. Our aim is to develop an analytical model for this situation. To do so we employ a distributed model, assuming that the membrane is composed by an inner disc coupled to outer rings, see Fig. S2 . In that case the membrane profile is described by Eq. (??) of the main text. A similar approach was used in silicon ring resonators [6] . The inner disc and the outer rings play the role of effective modes. We assume that these modes are nonlinearly coupled such that the motion of the low frequency mode, the outermost ring u 1 , actuates the higher frequency modes, i.e. the inner rings and central disc, n ≥ 2. The starting model is given by the nonlinear interaction between the fundamental mode n = 1, with angular eigenfrequency ω 1 ∼ ω d , and other modes ω n = nω 1 . The dynamical equations read
in which we have neglected the self nonlinearity of the higher modes since we expect that they have a lower oscillation amplitude as their motion is activated by the weak nonlinear interaction with the fundamental mode given by the potential V = n≥2 λ n q n 1 q n . Using the canonical transformations
and applying the rotating wave approximation (RWA), we arrive at the following equationṡ
with δω = ω d − ω n . The variables u n describe the oscillation amplitudes in the rotating frame at the driving frequency ω d . Hence in the steady state,u n (t) = 0, we obtain the stationary solutionū n given by the equations
and
We use now the following scaling for the amplitudes
and set the scaled parameters as the scaled detuning Ω = δω/Γ 1 , the scaled damping κ n = Γ n /Γ 1 , and
with β the scaled force provided by the external drive. From the Eqs. S(5) one can obtain a closed equation for the amplitude of the modeū n=1 . The equation for the stationary amplitude z 1 reads
whereas the scaled oscillation amplitudes for n ≥ 2 are
Based on the previous coupling model, we explicitly solve the special case involving only two modes. In this case, ω 1 and ω 2 are the angular eigenfrequencies of the ring mode and the center (inner) mode, respectively, and λ 12 = λ is the coupling strength. This simplification leads to Eq. (3) and Eq. (4) in the main text which are examples of the internal coupling resonance of the type 1 : n (with potential energy V n = λ n q n 1 q 2 and ω n ≈ nω 1 ) that has received recently great attention -in particular for Fig. ? ?(b) of the main text). The central part oscillates at different frequency than the ring which oscillates at f (1, 1) and thus the phase of the drum head motion cannot be locked with the value of the ring. Therefore only the deflection amplitude of the outer ring is imaged correctly, while the central part appears blurred. the case 1:3 -in experiments reported in Refs. [7] [8] [9] and in the theoretical studies Refs. [10] [11] [12] . Equation S(11) then reads:
which shows that the case n = 2 is special, since we obtain an equation similar to the Duffing model. The amplitude square of the second mode is given by
In the spatial modulation regime with one inner drum head mode and one outer ring, the membrane vibration is described by
with h 1 ( r) the profile function of the ring and h 2 ( r)) the profil function of the center, the latter similar to the profile of the mode (1, 1) . On the other hand, the experimentally measured quantity by IWLI represents an average over the membrane, namely
with T = 2π/ω d , r ≡ (x, y) and L e the size of the observed square on the membrane. Since neither the two shape functions h 1 ( r) and h 2 ( r), nor the phase difference between the two parts oscillating at ω d and 2ω d can be measured, we introduce two weight factors to fit the phenomenological model to the experimental data. To do so we use the following simple ansatz
Note that in the single mode regime h ( r, t) ≈ h 1 ( r)ū 1 e iω d t + c.c, the proportional scalingĀ ∝ |z 1 | indeed holds. We now turn to exploit the nonlinear 1 : n model in practice. Equation S(17), with constant weighting factors a and b, represents a very first approximation to extract some quantitative comparison with the experiment. Solving Eqs. S(13) and S (14), we use Eq. S (17) to fit the experimental amplitude averaged over the full area of the membrane L e = L, see Fig. S2(b) . The results are reported in Fig. S3(a) for V exc = 10 mV (as in the inset of the Fig. 3 Effectively, as described in the main text, the vibrational shape of the membrane changes as varying the detuning δω even at fixed drive V exc . This is particular relevant when we measure the average amplitude in a square over the central part with smaller size L e = 1 16 L of the entire membrane: since the diameter of the ring increases with the detuning to accommodate the higher modes, the ring eventually leaves the integration square L 2 e . In this situation the average amplitude decreases drastically, resulting in a pronounced peak, as observed in Fig. ? ? in the main text. An example, how this can be described within the nonlinear coupling model, is shown in Fig. S3 (b) in which we report the measured resonance curve integrated over the central area of the membrane (marked as blue square frame in Fig. S2(b) and in the inset of Fig. ??(b) of the main text). The formula with fixed weighting factors is now used for frequencies below the first response maximum only, and we obtain a = 3.5 and b = 400.0, plotted as solid black line (and continued as dashed line beyond the maximum). When further increasing the detuning, the ring and drum head amplitudes partially move out of the observation frame and the average amplitudes start to decrease. To take this into account, the weighting factors are not kept fixed, instead beyond this peak we use the fitting formulā
with y the application of the model when more than two modes are involved. Figure ? ? in the main manuscript shows the fitting results of the experimental curves recorded at varying V exc integrated over the entire membrane area using the 1 : n nonlinear coupling model. imental findings. Motivated by the observation of the IWLI measurements showing another ring appear and the MI ring-down results also revealing the appearance of another overtone, we fitted the resonance curves with V exc = 11.6 to 15.0 mV using three modes, n = 1, 2, 3, in which the ground mode n = 1 is coupled to n = 2 and to n = 3 (referred to as 1:2 & 1:3 model). The bestfit parameters, the damping of the nonlinear system is Γ 1 = 0.069 s −1 and the Duffing coefficient γ amounts to 7.0 × 10 4 m −2 · s −2 . The maximum detuning frequency of each curve, determined as the frequency at which the amplitude breaks down, depends on the V exc , as shown in Fig. S4(a) . In the Duffing regime, a slight increase of f dmax vs V exc is observed that turns into a linear behavior with larger slope in the spatial modulation regime (shown as black dots). This increase in slope is consistent with the shallow increase of the resonance amplitude. Since the area under the resonance curve is a measure for the dissipated energy, the break-down frequency has to increase markedly. The modeled effective force β of each curve is shown in Fig. S4(b) , the colors of the symbols correspond to the color code of the curves in Fig. ? ? in the main text. β increases with V exc , with different slopes in the Duffing regime and the spatial modulation regime. There is no change in slope at the cross-over from the 1:2 to the 1:2 & 1:3 model. The ratio (f dmax − f 0 ) /β is a measure for the efficiency with which the excitation is translated into deflection and is plotted in Fig. S4(c) . In the Duffing regime the efficiency increases roughly linearly with V exc . It reaches a maximum at the transition to the spatial modulation regime and then decreases markedly. This observation in agreement with the interpretation of redistribution of energy from one single fundamental mode to other overtones in the spatial modulation regime. There is no qualitative change at the cross-over between the 1:2 and the 1:2 & 1:3 model, underlining the consistency of the model. The 1 : n model can also be used to describe the resonance curves recorded for large V exc and displaying multiple maxima averaged over the central area, only, thereby using weighting factor as described above. However, because of the large number of necessary fitting parameters, their values are less meaningful, and we refrain from reporting them here.
IV. RING-DOWN MEASUREMENTS AND ENERGY DECAY
A. Linear response Figure S5 shows the ring-downs of the (1,1) and the (2,2) mode, respectively, after driving them resonantly in the linear response regime. Both ring-downs show purely exponential decay with decay rates 2Γ (1,1) ≈ 20.0 s The overtones are labelled as f (1, 1) , 2f (1, 1) and 3f (1, 1) . (b) The time-resolved and frequency integrated power spectra of the data shown in a for different frequency ranges (f (1,1) black, 2f (1, 1) red, 3f (1,1) blue). The amplitude of the (1,1) mode persists for around 40 ms and then decays exponentially, the 2 nd and the 3 rd overtone decay immediately after switching off the drive and with a larger decay rate.
presents the time-resolved FFT power spectra obtained by integrating over a certain frequency range around the individual resonance frequencies. The ring-down traces present anomalous decay behavior for f (1, 1) and its 2 nd overtone which reveal an oscillating faster decay. The signal powers of 2f (1, 1) and 3f (1, 1) are weaker than the one of f (1, 1) . The signal power of f (1, 1) only starts decaying 40 ms after the drive has been turned off. Then
